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Abst ract - -A  stochastic ontrol approach is used in a feasibility study of ship maneuverability in a 
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1. INTRODUCTION 
The problem of ship maneuvering in restricted water, such as harbors, canals, river inlets, etc., 
has always been of major concern from the point of marine safety. The increasing number of 
ship collisions and the resulting ship grounding, the immense cost of cleaning an oil spill and 
the potential threat in LNG (Liquid Natural Gas) accidents, have all led to a massive effort 
of improving ship maneuverability performance, possibly at the design stage. This problem is 
expected to be even more severe in the very near future due to the denser traffic in such waterways, 
as a result of the increase in number and size of ships. 
In many of the above-mentioned waterways, the water is of finite depth. The aim of this work 
is to study the effects of finite water depth on ship maneuverability. 
As of today, there exist several methods which may predict ship maneuverability performance. 
This includes, for example, the traditional method of using data base, model tests in towing tanks 
and the use of numerical simulations. Clearly, from the designer point of view, the latter method 
of numerical simulations i the preferable one, since the influence of some gross parameters, which 
represent the ship's form, rudder or propeller, can be investigated independently. Nevertheless, 
this method has some drawbacks mainly in its inapplicability to obtain accurate trajectories in 
restricted waterways with walls of prescribed geometry. Also, the simulation method is incapable 
of rendering the optimal maneuvers and cannot assure the feasibility of executing safe maneuvers 
in some laterally restricted waterways. For these reasons, we propose here the use of stochastic 
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control methodology asa complementary tool to numerical simulation. When applying stochas- 
tic optimal control, one can incorporate the geometry of the waterway, obstacles, etc., in the 
formulation of the problem and conduct acomparative parametric study of ship maneuverability. 
The proposed method is again based on a mathematical model for ship maneuvers on a planar 
otherwise undisturbed free-surface. The dynamical model is expressed in terms of the time- 
dependent ship speed, drift angle and the angular yaw velocity. A semianalytical method is used 
for the evaluation of the hydrodynamical loads (longitudinal force, lateral force and yaw moment) 
and some of the missing coefficients axe empirically obtained from model tests. For the sake of 
simplicity, the present method is applied to some realistic ship forms (excluding transom stern) 
moving in finite depth water and ignoring wall interference interaction effects. These effects 
can be easily incorporated to render a more elaborate mathematical model, but nevertheless 
the general method of solution remains the same. Using the above-mentioned dynamical model, 
the following problem is considered here. A ship is approaching an obstacle, and its aim is to 
circumvent i . Furthermore, the motion of the ship, in the vicinity of the obstacle, is confined to 
a domain in the planar undisturbed free-surface given by the polar coordinate (r, ~b) 
{(r, ¢) : Re < r < Re + RL, -~  < ¢ < ¢0}, 
where Rs = Rc + L, in which RG is the radius of a disc which covers the obstacle area, L is the 
ship's length, and ¢0, 0 < ¢o < 7r, and RL _~ L, are given numbers. In addition, the ship can 
leave the above-mentioned domain only through a corridor which is defined in Section 3. 
The stochastic optimal control problem is to find a feedback strategy for the rudder such as 
to maximize the probability that the ship will move safely in the domain given by the above 
equation and leave out through the corridor. This stochastic optimal control problem is solved 
here (numerically) not in order to find the optimal feedback control aw but rather to assess the 
feasibility of the ship performing the above-mentioned maneuvers. Nevertheless, for a given set 
of parameters, once the stochastic optimal control problem is numerically solved on a grid in the 
appropriate state space, the values of the rudder's optimal feedback strategy can be stored on 
this grid. Although these values of the rudder's feedback strategy are given only on a grid, still 
they may provide a significant insight for the optimal steering of the ship. 
A parametric nvestigation ofship maneuverability s conducted here by solving (numerically) 
the stochastic optimal control problem for different (fixed) values of RL, the width of the domain, 
and for different values of water depth. 
The numerical results obtained uring the numerical study indicate a significant degradation 
in the performance of ship maneuverability as the depth of the water decreases. 
The problem of ship collision avoidance has been dealt with in [1-5]. However, these references 
use the point-mass model for the ship's motion, whereas we use here a full dynamical model for 
the ship's motion. 
2. THE DYNAMICAL  MODEL 
We consider the planar motion of a ship on an otherwise undisturbed free-surface ofan incom- 
pressible fluid. Let the instantaneous speed of the ship be denoted by U(t), its drift angle by ~(t) 
and let r(t) denote the yaw angular velocity. Let (x, y) be a Cartesian coordinate system attached 
to the ship, where x is aligned along the ship's axis and y is taken in the starboard irection. For 
the sake of simplicity, the origin of the (x, y)-coordinate system is placed at the center of gravity 
of the ship. Then, the surge and sway velocities are given by U cos j3 and -U  sin ~, respectively. 
The dynamical model used in this work has been proposed in [6] (see also [7-17]), and it is 
given by (see also the Appendix for more details) 
(1) 
Here, 
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(2) 
(3) 
m I _ m , _ mx , my 
(0.hpL2d),  m x (0.hpL2d),  my-  (0.hpL~d),  
iIzz = Izz .I _ izz 
(0.5pL4d) ' zz~ (0.5pL4d) '
X Y 
X '  - Y '  - 
(0.hpLdU2) ' (0.hpLdU2) '
N rL  
N '  - r' 
(0.hpL2dU2) , = ---~-, 
where m, mx and my are the ship's mass, added mass of the x-axis, and the added mass of the 
y-axis, respectively, L is the ship's length, d is the draft, and p is the fluid's density. Also, X, Y 
and N are the external force along the x-axis, the external force along the y-axis and the yaw 
moment about the ship's center of gravity, respectively. 
It is assumed here that X', Y' and N'  have the following decompositions: 
x '  = xa  + x~ + xh,  
Y '= Yh + Yf + YL 
N' = N'~ + N'~ + N'~. 
(4) 
(5) 
(6) 
In equations (4)-(6), the subscript H denotes the respective contribution due to the ship's hull, 
P denotes the respective contribution due to the propeller and R denotes the respective contri- 
bution due to the rudder. 
In the sequel, for the ship's model considered here, the terms Y~ and N~ are assumed as 
negligibly small and are therefore omitted. However, the X~ component is assumed to have the 
following form: 
X~p = ct ,  (1 - tpo)  n2D 4 KT( Jp )  
(0 .5ndU2) ,  (7) 
where 
KT(Jp) = Cl ~- c2 Jp  -~- c3 J2 ,  (8) 
~(1 - wp)  
¢p = u cos z [~-D-~ ' (9) 
Here, ct , ,  tpo ,  Cl, c2, c3 and wp are given constants (see the Appendix), n is the propeller evo- 
lution (rps), n > 0, and Dp is the propeller diameter. 
The components of the rudder forces are assumed to be of the form 
X~ = -(1 - tR)F~ sin 5, 
I Y~ = - (1 + aH)F'NCOSh, 
N~ - (x~ ' ' cos6 ,  = + aHXH)F[v 
(lo) 
(11) 
(12) 
where 5 is the rudder angle which serves here as the control function, tR, all, XIR and x~ are given 
constants (see the Appendix), and F~ is given by 
,(AR) U~sin (~ /~' F~= TJ cN -~R), (13) 
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where 
/3h =/3 - 2xhr', (14) 
U 2 = (1 - wR)2{1 + Cg(s)}, (15) 
g(s) = rlK{2 - (2 - K)s}s (16) 
(1  - s )  2 
u cos/3 (17) 
s=l .0 - (1 -wpo)  (uP) ' 
and AR, CN, % x~, WR, C, rh K, Wp 0 and P are given constants (see the Appendix). 
The rest of the forces, that is, X'H,Y ~ and N~, are described in the Appendix. Note that 
these forces do not depend on n or 6. 
Let ~ and ) be unit vectors attached to the ship such that i is along the x-axis and ) is along 
the y-axis. Also, let I and 3 be fixed unit vectors. Denote by 0 the angle between i and I. 
Define xl := U, x2 :=/3, x3 := r, xs3 := r', x4 := 0, x~ := X1 and x' 6 := YI, where (XI, YI) is 
an inertial coordinate system such that the vector I is along Xi-axis and the vector J is along 
Y1-axis. 
Then, by applying some algebraic operations on equations (1) and (2), equations (1)-(3) yield 
dxI _ ( x~ I [ -xs3c°sx2s inx2(m2-m2)+XIm2c°sx2-Y 'mls inx2]  
dt \ (ml-m2n) 
: :  f l  (Xl, X2, X3, 6), (18) 
dx2 _ (mlm2L) x i  [xs3(m2sin2x2+m2c°s2x2)-m2X' s inx2-miY '  c°sx2] 
:= f2 (xl, x2, xu, 6), (19) 
dz3_  x2N '
dt (/L2) := f3 (xl, x2, Xa, 6), (20) 
. !  i , m I ' and I := I~z + zzz. where ml  :---- m + mx, m2 := + my 
Also, we have 
dx4 
- -  x3 := /4 (x3) .  (21)  
dt 
Henceforth, we will use polar coordinates to describe the motion of the ship in the (XI, Yi)-plane. 
Thus, let x5 = [Z 2 +1112] 1/2 and (YI/X,) = tan(x6). Then, by using some trigonometry, it follows 
that 
dx5 
- D5 cos x6 + D6 sin x6 := f5 (x), (22) 
dt 
dx6 
dt - x51 ( -D5sinx6 + D6cosx6) := f6(x), (23) 
where D5 = Ux cos x4-Uy sin x4, D6 = Ux sinxa+Uy cosx4, Uz := xl cosx2 and Uy := -Xl  sinx2. 
In the sequel, for the sake of convenient notation, the following notation will be used: fi = fi(x, 6), 
i = 1, 2, 3 and fi = fi(x), i = 4, 5, 6, where x = (xl, x2, x3, x4, Xh, x6). 
Equations (18)-(23) constitute the equations of motion for the problem dealt with here. 
3. FORMULATION OF THE PROBLEM 
The control problem of the ship's maneuvers will be considered here within the framework of 
stochastic ontrol. Thus, the dynamical model dealt with here will be described by the following 
set of stochastic differential equations: 
dxi = ~o(x)f~(x, 6(x)) dt + aidWi, 
dxi = :Zo(X)fi(x) dt + aidWi, 
t>0,  i = 1,2,3, (24) 
t>O, i = 4,5,6, (25) 
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where 3Co(x) = 1 if 0 < Umin < Xl < Um~ and ro < x5, and :?Co(X) = 0 otherwise; W = {W(t) = 
(Wl(t),... ,W6(t)), t >_ 0} is an R6-valued standard Wiener process, ro > 0 and ai, 0 < a~ << 1, 
i = 1 , . . . ,  6, are given numbers. 
Denote by Ao the class of all feedback strategies 5(-) = {5(x),x ¢ R 6} such that 5(.) : R 6 ~ R 
is measurable and I~(x)l _< ~.~ for all x E R 6. 
Let 5(-) E Ao. Then [18] equations (24)-(25) determine a family of stochastic processes Cx* = 
{~(t)  = (¢~l(t),...,~ze6(t)), t _> 0}, x E R a, and an associate family of probability measures 
{P~, x E R 6} on ft = C([0, oc); R6), such that P2 is the solution to the martingale problem for 
c(5) 
0 6 0 (1~ ~ o 2 
c(~) = ~ Xo(X)f,(x, 5(x)) 7x, + ~ Xo(~)f~(x) ~ + \2/ ~ ~'~ o~ (26) 
i=1 i=4 i=1 
Define the following domains in R6: 
D° : :  { x : vmin -~ < Xl < Vmax' Ix2l < (5 )  -t-E, Ix3l < rm,  Ix4l < (2 )  +c ,  
R s - e < x5 < Rs - I -  RL ,  --71-- ~ ~ x6 ~ ~0 + e}, 0 < £ << 1 
(27) 
and 
r l  = {x: Ix4l ~ 00, [x6t ~ ¢0}, (28) 
T2 = {x : x5 = Rs + RL, Ix4l ~ 00, Ix61 ~ ¢0}, (29) 
T := (:/"1 C/Do) U T2, (30) 
and 
D := Do - T, (31) 
where Umin, Umax, rm, O0 and ¢0 are given positive numbers; Rs = RG +L,  where RG is the radius 
of a disc which covers the obstacle area, and L is the ship's length which serves here as a safety 
distance. The width of the domain is given by/~L. The ship is confined to move in the domain D 
and can leave this domain only through the corridor T (in R6). The parametric investigation of 
the ship maneuverability will be conducted here on the parameters hs and/~n, where h~ = d/Hw 
and H,o denotes the depth of the waterway. Note that Hw = ov corresponds to the case of deep 
water whereas if hs = 1, then the ship rests on the bottom of the waterway. 
Denote by T(X; 5) the first exit time of ¢~ from D, and define the following class of admissible 
feedback strategies: 
A:= {5(.)E Ao : SuPxED E:~-(x;5)< ~},  (32) 
where E~ denotes the expectation operator with respect o P6 X"  
Define the following functional: 
V(x;5):=P~({w:¢~(T(X;5))(w)ET}), xcD,  5( . )EA.  (33) 
The problem dealt with here is: Find 6*(.) ¢ A such that 
V (x; 6*) _> V(x; 5), for a l l xED and any 5(-) EA. (34) 
A feedback strategy 5*(.) which satisfies inequality (34) will be called here an optimal strategy. 
Note, that in the problem considered here, the physical dimensions of the ship are taken into 
account first, in the definition of Rs where L serves as a safety distance to avoid collisions with 
the obstacle, and second, in the definition o fT  where [01 _< 00 and I~bl _< ~b0 (~b = arctan(Yi/Xt)). 
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4. COMPUTATION OF  V(-;6*) 
Let ~D denote the class of all functions V : R 6 --* R such that V is continuous a.s. on / ) ,  twice 
continuously differentiable on D, and such that/ :(6)V • L2(D) for any 6(-) • h. 
By following the same procedure as in [19], it can be shown that V(.; 6*) can be computed by 
solving the following problem: 
E. (6*) V(z) = 0, a.s. in D, (35) 
V(x)=l ,  x•T ;  V(x)=O, xq~DUT, (36) 
where in our case 6"(-) is determined by 
6*(x) = argmax {H(x;6(x)): 16(x)] ~ 6m}, 02 e D, 
and 
H (x;6(02)) = 
Zl l  = 
Z22 = 
Z33 = 
(3T) 
(38) 
(39) 
(40) 
(41) 
zl = (42) 
Zll  sin 2 6(02) ÷ z22 sin 6(02) cos 6(02) + Z33 COS 2 6(X), 
Z 1 COS ~, 
- -Z l  sin ¢ + z2 cos ¢, 
-z2 sin ¢, 
( ~ ~ 021 COS X 2 0Y(x)  __ s in  x2 ox2 J 
021¢1¢ Oxl 
(rolL) 
~b [(X'~l~) ( -x152mlsinx20V(x)0021 
mlm2L, 
"y (x2 - 2xs3z~), (see equation (14)), 
AR 
ARTCN U2, ART-  (Ld)' 
-(1 - tR), (see equation (10)), 
--(1 + all), (see equation (11)), 
z 2 ---- 
m,5~cos022 ov(02) ~ ~ o~ / OX2 ,] ÷ x21~3 ( I L  2) 
(43) 
r~ = (44) 
¢ = (45) 
5 = (46) 
51 = (47) 
52 = (48) 
and 
53 = - (XtR ÷ aHX'H) , (see equation (12)). (49) 
It is hence forward assumed here that equations (35)-(49) have a solution denoted by V(.; 6*), 
such that V(.; 6*) E ~D and 6*(.) e A. Hence, 
for all x E D and any 6(.) E A. 
5. NUMERICAL  STUDY AND CONCLUSIONS 
Denote by l~ 6 the following finite-difference grid on R 6 
R~ :-- {(ilhx, i2h2,..., i6h6) : il, i2, . . . ,  i6 -- 0, +l ,  +2, . . .  }, (51) 
and let Dh := D N R 6 andTh:=TNR6h . 
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Figure 1. The values of Phm(xs, x6) as functions of Xs and x6 for the case: RL = 2L 
and hs = 0. Here x6 = i6h6, i6 = -18, -17, . . .  ,0. 
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Figure 2. The values of Phm(x5,x6 ) as functions of x5 and x6 for the case: RL = 2L 
and hs = 0.3. Here x6 = i6h6, i6 = --18, -17, . . .  ,0. 
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3. The values of Phm(X5,x6 ) as functions of x5 and x6 for the case: RL = 2L Figure 
and h8 = 0.5. Here x6 = ish6, i6 = -18, -17, . . .  ,0. 
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Equat ions  (35)- (49)  have been solved here using a f inite-difference scheme on R 6 s imi lar  to that  
descr ibed in [20]. Denote  by vh( . ;  6") the solut ion to the f inite-difference equat ions  cor respond ing  
to equat ions  (35)-(49).  
Def ine 
ph  (Xs, xs)  := max V h (x; 6*),  (52) 
(Xl ,X2 ,Z3 ,X4) 
x6Du 
(Xim,X2m,x3m,x4,,~) := argmax Vh(x ;~*) ,  (53) 
(xz,x2,xs,x4) 
xEDh 
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Figure 4. The values of Ph(x5,  x6) as functions of Xs and x6 for the ease: RL = 2L 
and hs = 0.7. Here x6 = i6h6, i6 = -18,  -17 , . . . ,0 .  
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Figure 5. The values of Phm(x5 , x6) as functions of x5 and x6 for the ease: RL = 3L 
and hs = 0. Here x6 = i6h6, i6 = -18, -17 , . . .  ,0. 
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6. The values of Phm(xs,x6 ) as functions of x5 and x6 for the case: R L = 3L Figure 
and hs = 0.3. Here x6 = i6h6, i6 = -18 , -17 , . . .  ,0. 
Rud (x5, x6) := 6* (xim, x2m, x3m, X4m, XS, X6). (54) 
Note that  x~m -- x im(xs,  x6), i = 1, 2, 3, 4. 
Computations were carried out using the following set of parameters: L -- 250 m, Umax -- 
5 m/s ,  Umin = 0.35 Umax, rrn ~--- 1.5 Umax/L  rad/sec, n ---- ( rnom/Ynom) .  Umax, where rnom ---- 2, 
Vnom ---- 7.71; a~ = 10 -1°, i = 1, 2, 3, 4, 5, 6; 5m ---- 351r/180, RL = nL 'L ,  nL = 2, 3, 4; hi = (Umax- 
Umin)/8, h2 -- 7r/30, h3 = rm/5, h4 = 7r/16, h5 = L /2  and h6 = 1r/18. Also, Ro = L /4 ,  (where 
RG is the radius of the internal disc of D), and 00 and ~b0, the parameters of the exit corridor, 
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Figure7.  Th e: FtL =3L  
and hs = O.5 
Figure8.  Th c e: RL=3L 
and hs = 0.7 
-3 0 
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9. The values of Ph~(x5,x6) as functions of  x5 and  x6  for the case: R L --~ 4L  Figure 
and hs ---- 0.0. Here  x6  = i6h6 ,  i6 = -18 , -17  . . . .  ,0 .  
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were taken as 00 = n4h4 and ¢0 = n6h6, where n4 -- 3 and n6 = 4. Let N(Dh) and N(Th) 
denote the number of points in Dh and Th, respectively. Thus, for nL = 2, N(Dh) = 1228032 
and N(Th) = 235872; for nL = 3, N(Dh) = 1842048 and N(Th) = 353808; and for nL = 4, 
N(Dh) = 2456064 and N(Th) = 471744. The values of the dynamic coefficients are given in the 
Appendix.  
Some of the results of the numerical study conducted here are presented in Figures 1-12. In 
these figures, the values of ph(x5, x6) are given as functions of RL and hs. 
The results, part of which are presented here, indicate a significant degradation in the perfor- 
mance of ship maneuverabi l i ty as h8 increases from 0.00 toward 1.0. 
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Figure 10. The values of ph(x5 ,x6)  as functions of x5 and x6 for the case'. RL = 4L  
and h8 = 0.3. Here x6 = i6h6, i6 = -18 , -17 , . . .  ,0. 
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Figure 11. The values of Phm(X5, x6) as functions of x5 and x6 for the case: RL ---- 4L 
and h8 = 0.5. Here x6 = ish6,  i6 = -18 , -17 , . . . ,0 .  
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Figure 12. The values of Phm(x5, x6) as functions of x5 and x6 for the ease: RL = 4L 
and hs = 0.7. Here x6 = ish~, is = -18 , -17 , . . .  ,0. 
APPENDIX  
It is found to be more convenient to formulate the equations of motion in a dimensionless form, 
which, in order to distinguish them from dimensional quantities, are here represented by a su- 
perscript "prime." Let us denote the dimensionless longitudinal and lateral external forces acting 
on the ship by X ~ and yt ,  respectively. The external moment acting on the ship in a direction 
perpendicular to the (x, y) plane is denoted by N ~. In order to get the physical hydrodynamical 
loads, one has to multiply the force (X ~, yt)  by 0.5pU2Ld and the yaw moment N ~ by 0.5pU2L2d. 
Here p, L, and d denote the fluid density, ship length, and draft, respectively. 
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Thus, the dynamical model which governs the motion of the ship can be simply written as 
ml ~ dt + m2 rsin/3 = X', 
(L )  d(Usin~) (U)  -m2 ~ dt + ml r cos13 = Y', (55) 
(L2)  dr 
I --U--~ -~=Y' ,  
where t denotes time and (ml, m2, I) represent the three components of the total mass/inertia 
coefficients (ship's mass/inertia plus added mass/inertia due to the surrounding fluid). The 
converting parameter (into physical quantities) for the mass is 0.5pL2d and 0.5pL4d for the 
inertia. 
The external hydrodynamical loads can be further decomposed into the following components 
which are affected by the ship hull (H), ship propeller (P) and ship rudder (R). Thus, using the 
above subscripts, we write 
y '  = y '  + Y' + Y' 
N' N' N' N'  H P R 
(56) 
The hull dependent terms can be expressed in terms of the various stability derivatives in the 
following manner: 
X~ = Z~rr '  sin/3 + X" u cos 2/3, (57) 
N' = fl N' + r' N' + r'lr'[ N' 
H ~ r rr 
+ Zlj31 Y'  + + t3(r') 2 (58) 
Brr 
where r' = rL/U, u = Ucos/~ and a typical stability derivative term X'~ ~ °2x' = 0--W~' etc. It 
is also important o note that all stability derivatives are considered as geometrical constants 
in the sense that they do not depend on the ship dynamics, i.e., on U, j3 and r. They can be 
approximated by some gross parameters epresenting the ship geometry such as 
(1) the ship slenderness ratio s = B/L, where B denotes the breadth of the ship (twice the 
beam), 
(2) the hull aspect ratio k = 2d/L and 
(3) the blockage coefficient CB = F/(LdB), where V denotes the volume of the displaced fluid. 
Typically, one chooses X~ = X~u = 0 and the rest of the coefficients for the lateral force and 
yaw moments of a realistic ship form can be taken, for example, from the recent paper given 
by [6] (see also below). 
As for the propeller-dependent terms Y~, and N~, which represent the lateral force and yaw 
moment acting on the propeller, the common practice is to ignore them with respect o the 
corresponding hull-dependent terms Y~ and N~. For this reason, one can assume Y~ = N~ = 0 
(except in crash astern or stopping maneuvers). The important effect of the propeller on the ship 
maneuver is represented by the term X~, which can be written as 
ZIp ctp(1 " ~ 20 4 KT(Jp) (59) = - ~PO) n P (-O-ffL-~)' 
where ct. = 1, tPO is the thrust deduction coefficient in straight forward motion, n is the propeller 
revolutions, Dp the propeller diameter, JR is the propeller advance 
JR = Ucos~ (1 Wp)  nDp ' (60) 
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where •p is the wake fraction coefficient. Finally, it is common to assume that KT is a quadratic 
functional of Jp with some prescribed coefficients cl, c2 and Ca; that is, 
KT (JR) = c, + c2Jp + c3J 2. (61) 
The evaluation of the rudder-dependent terms is somewhat more involved. Again, following [6], 
we express these coefficients in terms of the normal hydrodynamical force F~¢ acting on the rudder 
and the rudder angle 6. Thus, X~, Y~ and N~ are given by equations (10)-(12). 
The rudder angle 6 is used here as the control, whereas the rudder normal force is expressed 
(following [6]) by equation (13). In equation (13), An is the rudder area and CN is given by 
gn 
CN = 6.13 (Kn + 2.25)' (62) 
where KR is the rudder's aspect ratio. Also, UR (equation (13)) is the effective rudder inflow 
speed and an  = 5 - ~ n denotes the effective rudder inflow angle. 
In addition, the mass/inertia coefficients can be defined in terms of the blockage and the 
slenderness ratios and the corresponding added inertia coefficients Ai (i = 1, 2, 6): 
mi = 286B (1 -~- ,~i), i = 1,2, (63) 
(64) 
where A~ can be approximated, for example, by the "equivalent spheroid" concepts; i.e., 
A1 = k . /~11;  A2 k (1 s )  k s ~ /~2; A6 = s (1 - 1.6 s)/f66. (65) 
Here, /(11,/~22 and /<66 are "correction coefficients" that weigh the finite-depth water effects. 
Using the plots in [17, p. 64], the values presented in Table 1 were used here for/~ii, i : 1, 2, 6. 
Table 1. The values of/~ii, i : 1,2,6 as functions of hs. 
hs K l l  K22 R66 
0 1 1 1 
0.3 1.2 1.17 1.22 
0.5 1.6 1.55 1.7 
0.7 2.25 2.45 2.45 
Finally, a list of stability derivatives (following [6]) for the lateral force and yaw moment in 
terms of the slenderness ratio s = B/L, the aspect-ratio k = 2d/L and the blockage coefficient 
of the ship; and the value of some other coefficients, is given 
(1 ) 
Y~ = ~rk + 1.4sCB fl (hs), where 
1 CBB 
f l  (hs) = (1 - hs) n hs, n = 0.4 ~ ,  
Y~=(  l'25k(1-s - Cs)+O.5)f2(hs) , where 
1 CBB 
f2 (h~) - (1 - h~) '~ h~, n = -0.26 T + 1.74, 
Y~rr -- 2.97k (1 - CB) f3 (hs), where 
8 
1 dCs 
13 (hs) = (1 - hs) n h,, n = -2.13 T + 1.8, 
(66) 
(67) 
(68) 
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N'~ = k f4 (hs), f4 (hs) = 
N~' = (-0.54k + k 2) f5 (h,) ,  ]5 (h,) - 
For the other stability derivatives, we have 
1 
(1 - h. )  n - h. ,  
where 
1 
hs, 
(1  - h . )  '~ 
Y" = ml - 1.5sCB . f6 (h~) ,
Yr" = (O.17k cB-O.O7) fT(hs), 
Y/3~r = (O.75k cB - O.65) fs (hs) , 
N'~/3 = (-O.48 k (l - CB) + O.O66) f9 (hs) , 
g'rT = (0.5sCs - 0.09) flo (hs), 
N~#T = (--57.5 (sCB) 2 + 18.4 sCB - 1.6) f , ,  (h,) ,  
N~r,. = (-O.25k cB +O.O5) fx2(h~), 
n -- 0.425 CdB , 
n = -7.14k + 1.5. 
(69) 
(70) 
(71) 
(72) 
(73) 
(74) 
(75) 
(76) 
(77) 
I, (h,) = 1 + a,,xh, + a,,2h, ~ + a,,3h, ~, i = 6, 7 , . . . ,  12, (78) 
and 
a6,1 = -5.5 + zv---~ 31.5, 
a6,3 ---- -38  + l~i--~ 250, 
a7,1 = -0.156.  i0 S (i - CB) 5, 
a7,2 ---- 1.16.105 (I -- CB) 5, 
a7,3 ---- --1.28. 105 (I -- CB) 5 , 
as,2 = -4.08 • 104 B CB) - 2, -- + 0"75 " 104d(1 B 
as,3 -9.08"104[d(1-CB)] 2 1, + 2.55.104 d (1 B 
a9,1 = -0.24.103 (1 - CB) +57, 
a9,2 = 1.77. 103 (1 -- CB) -- 413, 
a9,3 = --1.98. 103 (1 -- CB) + 467, 
a 10 ~ 1 
= -0 .196 .10 ' -  - ]d(1 - CB)] 2 -Ca)  25, -B + 448 d (1 B 
(79) 
(8o) 
(81) 
(82) 
(83) 
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2 dC8 25 an ,1=0.91"10  T -  ' 
a11,2 -5 .15  • 102 d~--~ B + 144, 
al l ,3 5.08. 102d~ ~B - 143, 
a12,2 -2 .95  • 102 + 645, 
a12,3 3.12. 102 Cd J  - 678, 
wp ~ wpo 
(84) 
(85) 
-- 0.23 + 1.4 (CB - 0.5) 2 , (86) 
1 - tit -- 0.28CB + 0.55, (87) 
(1 -  Ro) 
eps = (1 - wpo)  
=-  156.2 ( -~)2  + 41.6 (CL----~B) - 1.76, (88) 
+ 0.02 + 0.68, (89) 
aH= 0.633CB - 0.153, (90) 
DR (91) 
~]-- ARV/~-~, 
K = 0.6 (1 - wp)  (92) 
(1 WR ) ' 
and L = 250m, B = 40.77m, d = 16.96m, CB = 0.831, k = 2d/L ,  fRO = 0 .6wpo,  Ctp = 1, 
DR = 8.5, cl ---- 0.52, c2 = -0.4861, c3 = 0.01212, x~ = -0 .5 ,  x~ ---- x~,  P = 0.8Dp,  KR = 1.7, 
C = 1, wp = wpo,  wR = who and AR = 74. 
The force X~ is computed using the following procedure: 
J Po  = Vnom (I - wpo)  (93) 
( r ,omDp)  ' 
2 (94) KTO = c1 -~- c2JPo Jr- c3 J~o,  
• rnomDp, X~=p(1- tpo)KTo  2 4 (95) 
-X8  (96) 
Cu-- 2 ' 
V~om 
cux 2 cos 2 z2 (97) 
X~H-  (0.5pLdx 2) 
_ cu cos 2 x2 (98) 
(0.5pLd) 
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